Nine mathematical models were compared for their ability to predict daily milk yields (n = 294,986) in standard 305-d and extended lactations of dairy cows of Costa Rica. Lactations were classified by parity (first and later), lactation length (9 to 10, 11 to 12, 13 to 14, 15 to 16, and 16 to 17 mo), and calving to conception interval (1 to 2, 3 to 4, 5 to 6, 7 to 8, and 9 to 10 mo). Of the nine models, the diphasic model and lactation persistency model resulted in the best goodness of fit as measured by adjusted coefficient of determination, residual standard deviation, and Durbin-Watson coefficient. All other models showed less accuracy and positively correlated residuals. In extended lactations, models were also fitted using only test-day records before 305 d, which resulted in a different ranking. The diphasic model showed the best prediction of milk yield in standard and extended lactations. We concluded that the diphasic model provided accurate estimates of milk yield for standard and extended lactations. Interpretation of parameters deserves further attention because of the large variation observed. As expected, the calving to conception interval was found to have a negative effect on milk yield for cows with a standard lactation length. In extended lactations, these negative effects of pregnancy on milk yield were not observed. (Key words: extended lactations, lactation curves, dairy cattle, milk yield) Abbreviation key: CC = calving to conception, DW = Durbin-Watson, LPM = lactation persistency model,
INTRODUCTION
Modeling of lactation curves has been a subject of extensive study during the past decade (2, 9, 10, 12, 16, 19, 26, 27) . Different models have been evaluated for their ability to describe the pattern of milk yield as well as the ability to predict 305-d cumulative milk yield from partial records of lactation. Attention has focused on the 305-d lactation period, which implies that information collected after 305 d is usually ignored and that no attention is paid to milk yield in the period after 305-d in extended lactations. In most countries, many cows have lactations that are longer than 305 d. For example, in dairy herds of Costa Rica, more than 25% of cows are dried-off after 330 d of lactation, the average lactation length being about 328 d. Longer lactations partly result from failures to conceive at an early stage of lactation. Costs of prolonged calving interval have been demonstrated to greatly depend on milk yield in the latter part of lactation (6) . This production depends on increase in lactation length and shape of lactation curve. Knowledge of lactation curves over the entire trajectory is a key element in determining optimum strategies for insemination and replacement of dairy cows (4, 5, 8, 21 ). An earlier study (9) has shown that lactation length has a significant effect on estimates of initial yield, peak yield, 305-d yield, time of peak and persistency. However, this analysis considered only lactation lengths less than 360 d.
Models to describe lactation have been classified into two main groups, i.e., as linear and nonlinear models (11) . In linear models, parameters are linear functions of days in lactation or transformation of and can be easily computed by simple linear regression techniques. Nonlinear models cannot be expressed as linear functions of parameters and, therefore, need iterative techniques to be solved (11) . These models have become more popular during recent years (2, 12, 16, 19, 26, 27) , especially because they are able to describe a relatively wide range of shapes in lactation curves. Iterative procedures for fitting nonlinear regression implemented in statistical software have overcome the problem of model fitting. Many existing models show systematic deviations from actual milk yield, especially at the beginning and end of lactation (9) . Multiphasic models have been suggested as an option to overcome these problems (9) . These models were previously implemented with success to describe growth curves in mice and chickens and, more recently, to describe standard lactations in dairy cows (3, 20) . Multiphasic model considers daily milk yield as the result of an accumulation from more than one phase of lactation, intrinsically reducing correlation between subsequent residuals. The objective of this study was to compare existing models for their ability to provide consistent predictors of partial and total milk yield in normal and extended lactations and to subsequently analyze effect of lactation length and calving to conception (CC) interval on the lactation curve.
MATERIALS AND METHODS

Data Source
The analysis was performed on data provided by Universidad Nacional de Costa Rica (UNA) collected from 1987 to 1994 on dairy farms in Costa Rica. Farms participated in a project that focused on collection and analysis of data on health, milk yield, and reproduction performance to provide management support to farmers and to identify adequate management practices (7) . Reproductive events, daily milk yield, and herd characteristics were entered into an improved version of VAMPP software package (14) by staff of UNA or directly by farmers.
The initial dataset consisted of 57,359 lactations of 26,072 cows. A subset of lactations was selected ( Our main interest was to find a model that provided a good description of the lactation curve for groups of cows with a range of lactation lengths and CC intervals. The results will be used in a bio-economic model to determine optimum insemination strategies. Given this objective, models were fitted to group mean yields rather than to individual lactations. Lactations were classified in two groups according to parity (first and later), five groups according to lactation length (9 to 10, 11 to 12, 13 to 14, 15 to 16, and 17 to 18 mo), and five groups according to CC interval during current lactation (1 to 2, 3 to 4, 5 to 6, 7 to 8, and 9 to 10 mo). Out of 50 possible groups (2 × 5 × 5), only those with more than 1000 test-day records were chosen for further analysis, which resulted in a total of 26 groups ( Table 2) .
The number of test-day records per group was highly variable because some combinations of lactation length and CC interval were less likely to occur. Test-day records within groups were classified in 2-wk periods, and for each 2-wk period, average DIM and milk yields were obtained and used in model fitting.
Model Fitting
Nine different models from the literature were analyzed ( Table 3 ). The Wood model (27) is a gamma function, in which a approximates the initial milk yield after calving, b is the inclining slope parameter up to peak yield, and c is the declining slope parameter. The Cobby model (2) has the particularity that milk yield after peak is modeled as a linear decline function. The Rook model (16) describes lactation as a combination of a monotonically increasing growth function, in this case the Mistcherlich function, and a monotonically decreasing death function, which in this case is exponential. The Morant model (12) assumes that the change in milk yield after peak is not constant as implied in the exponential decline function (e -kt ). Wilmink model (26) is a modification of Cobby, and -0.05 is related to the moment of peak, which is about 50 d. Models based on the logistic function, such as the monophasic (9) and diphasic (9) , were introduced to overcome problem of autocorrelation detected in models based on the gamma function. These models provided smaller and more random residuals (9) . The lactation persistency model (LPM) (10) is also based on a logistic function. The LPM was developed to provide additional parameters to measure persistency, which is defined as number of days during which peak production is maintained. The reduced LPM (RLPM) (10) is based on LPM, but the number of parameters is reduced from six to four.
Models were fitted to group mean yields by using a Gauss-Newton iterative method from the SAS software nonlinear regression NLIN procedure (18) . Convergence was determined based on change (c) in residual Table 3 . Description of models under analysis.
Name
Source Equation
Grossman and Koops (9)
Grossman et al. (10) yp
Lactation persistency model-extended. sums of squares (RSS) between iteration i and iteration (i -1) according to:
, converging criterion is met, and iteration process stops.
Goodness of fit of models was evaluated according to following criteria:
where, R 2 = multiple coefficient of determination (=1 -(RSS/TSS)), RSS = residual sum of squares, TSS = total sum of squares, n = number of observations, and p = number of parameters in the model.
Note that R 2 is adjusted for the number of parameters in the model (p) to make a fair comparison of models. where e t = residual at time t, and e t-1 = residual at time t-1. The observed value of DW was evaluated against the tabulated critical value to test for positive autocorrelation. Negative autocorrelation was not tested because a negative autocorrelation coefficient implies that residuals fluctuate in a strict "up and down" way around the actual curve, which in the particular case of lactation curves was not a problem. 3. Residual standard deviation [RSD; (13) ] was obtained by RSD = √ RSS/(n -p) [4] For RSS, n and p, see Equation [2] .
Models were categorized based on estimates of three criteria: RSD, adjusted R 2 , and DW. Four categories were formed, two for models deviating less than one ('+' and '-') SD from the mean of one criterion and two for models deviating more than one SD ('++' and '--') where SD represents standard deviation across groups for each of three criteria within model.
Mean absolute deviation (MAD) across groups for partial and total milk yield was compared among models. The absolute difference between actual and predicted milk yield during the specified periods was calculated, and averaging these values over all groups resulted in MAD. Partial yields were calculated for periods 1 Actual daily milk yields within groups were calculated by smoothing actual milk yields with cubic splines (25) to interpolate actual records in different intervals within lactation. A maximum of 10 splines-knots, according to lactation length, were set at d 50, 100, 150, 200, 250, 305, 365, 425, 486, and 547. This procedure implied that a different cubic spline was fitted for every interval defined by the knots. Splines were required to have continuous first and second derivatives and discontinuous third derivatives.
Partial and total actual milk yields within lactation were further estimated by
where MY i-n = milk yield, i = initial day within time period (1 or 101 or 201 or 306), n = final day within time period (100, 200, or 305) or end of lactation (365, 425, 486, or 547), and y(t) = yield at day t estimated by a spline function (piecewise cubic polynomial with 6 to 10 knots). Predicted milk yields within group were also obtained for every model using Equation [5] with substitution of y(t) by the corresponding model equation (Table 3) .
The model with best overall performance according to previous criteria was selected, and residuals were plotted for all groups. Additional measures of functions of parameters were obtained to evaluate effect of lactation length, CC interval, and parity on parameters of the model and estimates of milk yield.
RESULTS AND DISCUSSION
Comparison of Models
All models, except that of Rook et al. (16) , achieved convergence for every lactation group. The Rook model failed to achieve convergence in 3 of the 26 groups. Problems with convergence for this model have also been mentioned previously (15) . Values of adjusted R 2 , RSD, and DW coefficient for each model were averaged over the 26 groups (Table 4) . Goodness of fit was high in general, R 2 ranged between 0.957 and 0.987, and RSD ranged from 0.42 to 0.87 kg/d. This high level of accuracy has also been reported in previous studies fitting models on mean yields (1, 17) . For all but two models, values for DW were less than 1, which indicated positive autocorrelation of residuals for the majority of models.
The greatest R 2 values were found for the diphasic model and LPM, whereas the Wood model ranked lowest (Table 4) . Similar ranking was found for RSD. In this case, LPM had, on average, a lower value of RSD Positive autocorrelation between residuals was detected in all models except diphasic and LPM. Other models presented problems of positive autocorrelation among residuals for more than half of the groups (Table  4) . Problems with positive autocorrelation have already been reported for the Wood and monophasic models (9) . Absence of autocorrelation for the diphasic model is in agreement with Grossman and Koops (9) for standard 305-d lactations.
Additional analysis was performed to check parameter estimates for stability across groups. Results indicated that LPM, even though with a high general goodness of fit, often resulted in atypical parameters, e.g., negative values for parameter P (persistency). All other models seemed to provide more reasonable estimates of parameters, even though they also presented a wide variation. Table 5 shows MAD for different periods and models. Models with low MAD were ranked at the top (++). Predictive performance for most models was highly variable for different periods within lactation. Models with a consistently good performance over all periods were diphasic and LPM, which is in agreement with earlier results on standard 305-d lactations (20) . The LPM was more accurate than diphasic for 1 to 100 d and 201 to 305 d, whereas diphasic was more accurate for 101 to 200 d and 306 d to the end of lactation. All other models performed irregularly, ranking poorly for one or more stages within lactation, which reinforces the fact that exponential models usually fail to model peak of lactation (9, 20) . It is important to notice that differences in accuracy of prediction between LPM and diphasic compared with other models is especially large for last period of lactation (305 d only diphasic, LPM, and Morant models rank positively. This finding reflects that multiphasic models are intrinsically more suitable to describe extended lactations.
Further analysis showed that standard deviations of MAD across groups were, in general, higher for LPM compared with the diphasic model ( Table 5 ). This result might also be related to the lack of stability observed for estimates of parameters using LPM model and might indicate a serious drawback of LPM compared with the diphasic model.
Analysis of predicted milk yield using diphasic curves showed some systematic deviations with respect to actual milk yield. For 1 to 100 d all models, except diphasic and that of Wilmink, underestimated milk yield; for 101 to 200 d all models, except the Cobby and diphasic, overestimated milk yield. For 201 to 305 d all models except diphasic and LPM underestimated milk yield. For the final period (306 d to end) all models, except diphasic and LPM overestimated milk yield.
In extended lactations, an additional comparison of models was also performed, eliminating all test-day records after 305 d. Models were fitted again to group mean yields. As expected, R 2 were higher and RSD lower, in general, because of reduction in length of lactations. One important result was that the frequency of cases in which a positive autocorrelation was detected was reduced considerably (29 vs. 122). By considering only 305-d lactations the ranking of models based on MAD changed (results not shown). For 101 to 200 d and 201 to 305 d, diphasic and LPM were still better than the others, but relative differences were reduced substantially. For 1 to 100 d, the top 5 models were Rook (31.1), LPM (34.5), Wilmink (34.6), diphasic (36.3), and Wood (41.6), all of which scored +. The results of our model comparison, based on standard 305-d lactations, are very similar to earlier findings (20) . From our analysis, it is clear that models that are suitable to describe , low RSD, uncorrelated errors according to DW test, more regular estimates of parameters for almost every group, and a similar performance along the whole lactation period. More detailed information on this model is given in next section.
Final Model
Estimates of residuals using the diphasic model were plotted for all groups of lactation length and CC interval within first parity (Figure 1 ). In general, residuals were randomly distributed. Residuals ranged between -1.5 and 1.5 kg/d. Significant positive autocorrelation was detected only for higher parity cows with a lactation length of 18 mo (Table 6 ). For this group, the model had problems in fitting the two phases, which resulted in inconsistent parameter estimates. A similar problem was found among first lactation cows with long lactations.
Estimated parameters for the diphasic model are given in Table 6 . Values still showed a wide range of variation, which suggests that the shape of the curve greatly depends on lactation length, parity, and CC interval. Grossman and Koops (9) introduced the parameter duration of each phase, defined as days required to attain about 75% of asymptotic total yield during that phase and computed as 2b length and, to a much lesser extent, with CC interval. Duration of the first phase showed a different pattern in first and second lactation cows.
Based on criteria to measure goodness of fit, it can be concluded that the applied multiphasic concept for describing lactation also works well with extended lactations. However, parameters of the model still fluctuate too much with lactation length and, to a lesser extent, with CC interval. This fluctuation seriously limits application of the model and might be partly due to the choice of the logistic function, which is symmetric. Problems observed with very long lactations (Table 6) are likely caused by the symmetric nature of the applied function. Use of a nonsymmetric function, such as the Weibull model, could solve this problem. A second alternative would be to extend the number of phases of the model, which would be difficult to justify from a biological point of view. Finally, one could try to restrict some of the parameters to achieve more stable values for some of the parameters. For example, one might want to restrict duration of first peak. Results of this study might serve as a starting point for improving interpretation of parameters.
For cows with a 10-mo lactation, lactation curves with a CC interval of 2 and 4 mo showed a similar pattern (Figure 2a) . Nevertheless, it could be observed that cows with 4-mo CC interval have higher production during the last part of lactation (after 200 d). The cumulative difference in estimates of 305-d milk yield is about 4% (Table 6 ). In previous research (1), pregnancy had an effect on parameters of the curve related to last part of the standard 305-d lactation, and a lower milk yield was found when CC interval was lower. This result is in line with results found in the present study for 2-and 4-mo CC. Lactation curves for cows with 6-mo CC are considerably lower and flatter than the others (Fig-ure 2a) . This result might be due to the way in which cows are grouped, i.e. we were looking at cows with a high CC but a relatively short lactation. In addition, differences in management strategies between herds might have influenced our results. For example, cows with high CC and relatively short lactation might be a reflection of a poorly managed herd.
For cows with a lactation of 12 mo, the increase in CC interval from 4 to 6 mo did not cause a major effect on milk yield (Table 6 ). On the contrary, when CC increased to 8 mo the curve was significantly lower (Figure 2b ). For cows with longer lactations (14 mo and higher), the general trend was that milk yield (100 and 305 d) decreased as CC increased. It is certainly difficult to find a biological explanation for this reduction. The antagonistic relationship between milk yield and reproduction would lead to an increase rather than a decrease in milk yield. However, a negative effect of pregnancy on milk yield is only expected during the last part of the gestation period and, consequently, would only affect 305-d milk yield for cows that get pregnant during the first 3 mo of lactation (22, 23, 24) , as observed in our study. Within lactation length, we did not find a negative effect of pregnancy, but we did find it across lactation lengths. The way data is presented certainly has an effect on the reduction observed for cows with large CC intervals. The number of test-day records for extended lactations or larger CC intervals was much lower (Table 2) , as they were more unlikely to happen. Cows with specific health conditions or special treat- ments could be included in those groups and could certainly have an effect on the results. Also, differences in management strategies between farms might influence our results. Identification of such cases was not possible with this data set.
As expected, for cows with a given CC interval milk yield increased as lactation length increased (Table 6 , Figure 3 ). Low producing cows with less persistent lactations are likely to be dried off earlier than high producing cows with persistent lactations. Consequently, lactation curves for cows with shorter lactations within a given CC interval tend to be lower (Figure 3) .
Milk yield beyond 305 d for cows with different lactation lengths and CC intervals was very similar in first and later parity cows (Table 6 ). This finding reflects the effect of a flatter and more persistent lactation curve during first lactation, which has also been mentioned in earlier studies (19) . Cows with a lactation length of 16 mo produced, on average, 2200 kg of milk after 305 d, which corresponds to as much as 26% of total milk yield. This finding raises the question of what the effects are of increased lactation length on lactation revenues. Economic consequences of a prolonged calving interval greatly depend on persistency of production and increase in lactation length with an increase in CC interval (6) . These factors can be manipulated to some extent by breeding or feeding strategies. The effect on milk yield during next lactation must be also taken into account. Based on data from individual cows we observed an increase in lactation of 0.62 and 0.56 d for each additional day open in first and later parity cows, respectively. Further research must evaluate the profitability of extended lactations by using the results produced in the present study. Our findings could also have implications for the application of test-day models for the genetic evaluation of milk production; nevertheless, that is out of the scope of the present study.
CONCLUSION
Our results show that the diphasic model adequately fits lactations with variable length and variable CC interval. Accurate estimates of milk yield at later stages within lactation can be obtained. These results will be used in a bio-economic model to determine optimum insemination strategies, taking into account variation in lactation length between cows. Modifications are needed to improve consistency of parameters over a range of lactation lengths. Ranking of models changed when standard 305-d records only were analyzed, which supports the fact that further research is needed on modeling of extended lactations. As expected, CC interval was found to have a negative effect on milk yield for cows with a standard (10 mo) lactation length. In extended lactations, these negative effects of pregnancy on milk yield are no longer observed.
